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Existence Part of Endamental Thm of Local Theoryof Cures
The from SDE : Given initial condition so I , 1810 , ..., 1897 ,

there exists an

open interval ]cI with
soe] and a unique differential mapping <

: 3 + BY
with a(s) = ((z)

,
--- , (1910)

c(s) = If,
,

- - - , fq)
where fi

,

i =1
,

. .

.,
9 are function of (5, x(s)) =7 xR? .

Furthermae , ifthe system is linear, then mecan take 3=1
.

Reference :

Serge Lang. Undergraduate Analysis ,
18
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Pf of Existence : Recoll Frenet's formulas :

I

) = (e)[i]:
can be considered a differentiable system in 2xR9 (each nector T, N ,

B - RY)
i
.
e

. =f , (s,y , . . ., za)
" St2E& = fals , 3, . . .

, zq)
where . (3,32 ,33) =I

, (39 ,35 ,55)
= N

, (85 ,58, 89)
= B

.

fi
,
ii, . . ., 9 are linear functions (m/sefficients that may dependms) of zi ·



Explicitly , i= (T , T2 ,T3) ↳ Ni
, :
eR

T
,
N

,
B ER3 . N = (N ,,Ne ,N)

B= (B,
88

8
.

↳

Eit (of(t-k-kk80
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T! = kN I

T = kN2 - = (t !,T2
, 3) = (kN ,,k ,N2,MN3) =kN .

T = kN3
and 50 M .



Then byODE Ahm , given initial data So I

To = (10 , (2) o, (Is10) ,
N

.
= ((34)0 , (350 ,

(86)0)
B

.
=((a ,

(erdo
, (o)

these exists a family of frames [TK),NIsi , BCs)3 ,

so the
sit . (n]' satisfies Frenet famlas -

We need to deach that ST(s),N(s) , BCs) 3 remain othonormal for stI .

> T,
N) = <TiN> +3 T

,
N'7

= kCN
,NS - RCT,T + EST

,B>

T ,B)
= k N,B) - -<T,

N>

& (N,
B) =

- kCT
,
B) +2 <B

,
B) - - <N

,
N)



-,
T = 2k<F,N>

<N, NS
= -24 > N ,T + 2 T<N

,B) by Frenet formulas .

<
,
B> =

-2= <B
,
N>

We can check that T,N) = 0
, <T , B> = 0

,
/N

,
B) = 0

ST
,
T = 1 ,

[N ,
NS = 1 , <B ,B) = 1

is a solution to th system above in initial conditions 0
, 000 , 13 1 ,

1 .

Then by uniqueness , this is the silution tothe system alone , and

ST
,(s),N(s) ,B(s)] stays othonomnal forall SzI :

Now we obtain the ecve by integrating wits .

"

<(s) = S TisIds
StI I integratin component by component .



By FTC , 9'(s) =T() -

x"(s) = Y(s) = k(s)N(s)
& k(s) is the curvature of < .

<x'x",
" >

=
(TXkN

,
nN-k25+k+B>

I x &"R ↑ ITXRNR
arc-

length
k> B-225+kIB>/

↳
2

BBR

= /IBR =I
⑰ R

Therefore , X than arvature quin by b , tersion given by t .J.



= (17-TR+ IN-N+B-BR) T(s) =T(s)
< C .( (k) , (2) .

N(S) = F(so)
B(so) =B(s)

da :

f : If
.E f(s)= 0 .

=> f(s) = 0 foralls>, so :

PoyClaim: WLOG cantales= 0 · Call M== may If which is attained atsome xoe[Did
<,e] · by continuity of f .

Thenby, Cf ,
merhave for any seco ,e)

,

If(s)-ilI I'Gldt< IClftldt > CM . s
.

but since sit
,

in particular , me get If(s)) for sec , ze] ·

But Since Mis attained somewhere
,
we get 18(x)1 =MGM -> M= 8

:

:
A[so f=0 m [0,e) .

Extend A all of [0 ,3) by induction (i.e.
showf=son 22 , )
forallu) I


